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Introduction

Nonlinear elliptic singular problem have been studied during the last forty years in
what concerns existence, uniqueness (or multiplicity) and regularity of positive weak

solutions. We will deal with the following problem :

—Au = %in&)
u = 0 on 09,

(1)

where €2 is an open bounded domain with smooth boundary in R", o > 0 and p is
a non negative function. The first relevant existence results for a class of problems
including the model case (1) with p smooth and o > 0, were obtained in two
important papers by crandall -Rabinowitz-Tartar [5] and Stuart [13]. Concerning
weak solutions in the usual Sobolev spaces, Laser -Mckenna [12] proved that the
classical solution belongs to Hg(Q) if and only if 0 < a < 3. This result was
generalized later for p(z) = d(z)? with d(z) = d(z,09Q) with the restrictions § > —2
by Zhang-Cheng [14].

In this work, we will study especially the problem (1) with p(z) = 1. For this,
we divide our work to three chapters which are:

In the first chapter we recall some definitions and generals properties about
Lebesgue and Sobolev spaces which will be useful in this work.

In the second chapter we deal with the linear elliptic problem,

—Au = finQ
u = 0 on 09, wu>0in§

(P)

Where €2 is an open bounded domain with smooth boundary in RV, f: @ — R

is continuous function, such that 0 < f(z) < d(x)™%. Where d(z) = d(z,09). We
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study the existence and the regularity of the weak solutions to (P) with 0 < 5 < 2
and we prove the non existence of solutions for § > 2.
In the last chapter we study the existence and uniqueness of weak solution to

the elliptic singular quasilinear problem,

—Au = % in 2
(P')
u = 0 on 00
where Q) is an open bounded domain with smooth boundary in RY, & > 0. We point
out that the existence and uniqueness results are obtained by applying the method
of sub and supersolutions without using any approximation argument. our main

tools are the Hardy inequality in its simplest form, Lax-Miligram Theorem and a

compactness argument in weighted spaces.



Chapter 1

Definitions and Generals properties

In this chapter, we give some basic concepts that will be used in what follows.

1.1 Lebesgue Spaces

The space LP(Q)), where p > 1, is a Banach spaces. Its elements are classes of
equivalent measurable functions u(z) defined on an open connected set 2 in R™.
(Equivalent functions are functions that differ only on a set of n-dimensional measure

0). The region Q will be assumed bounded throughout this chapter.

1.1.1 Definitions and Properties of L?({2) Spaces
Definition 1.1 . Let 1 < p < 00, we set

LP(Q) = {f : Q — R; f is measurable and / IfIP < oo}
Q

W = ([ 170)

Definition 1.2 . We define

with the associated norm

L>=(Q) ={f:Q — R measurable , 3C > 0: |f(z)| < C a.e. in Q}
With the associated norm

| fllze@=inf{C :|f(x)] < C a.e. on Q}.
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Remark 1.1 The space LP(S2) is a Banach space for any 1 < p < oo, reflex-

we for 1 < p < oo, and separable for 1 < p < oo.

Theorem 1.1 (Lebesgue dominated convergence theorem) Let (f,) be a se-

quence of function in L'(Q) such that
o f, — fa.e. on(,

e there is a function g € L*(Q) such that for alln : |f.(z)] < g(z) a.e. on Q.
Then fe L'(Q) and || fu— f |11 @— 0.

Theorem 1.2 (Lebesgue inverse theorem) If f,, — f in LP(Q) then

o there exist sub sequence (fur), such that f,r — f a.e. on €,

o (fnk) is upper bounded by g € LP(Q) i.e.,

k(@) < g(2).

1.2 Sobolev Spaces

The WkP(Q) spaces are Banach spaces. The class of functions W*?(Q), can be
defined in two ways. specifically, we can define it either as the set of elements
LP(Q)) possessing generalized derivatives of the first orders in {2 with respect to z;,
for i« = 1,...,n, that are p-summable over €2, or we can define it as the set of all

functions that can be obtained in the form of strong limits.

1.2.1 Generals Definitions
Definition 1.3 We define Sobolev spaces as follow
WEP(Q) = {f € LP(Q); D*f € LP(2),1 < |a| < k}
with associated norm
k
1 ey = 1 Loy + D 1D Fll oy -
a=1

We donote by H'(Q) the space WH2(Q).



CHAPTER 1. DEFINITIONS AND GENERALS PROPERTIES 7

Remark 1.2 e The space H'(Q) is a Hilbert space with the inner product
(U, U)Hl(Q) = (u, U)Lz(g) + (VU, VU)LQ(Q).

o The space WFP(Q) is Banach space for 1 < p < oo. It is reflerive for 1 <
p < oo and separable for 1 < p < co. The space H'(Q) is a separable Hilbert

space.

Definition 1.4 We define the space WiP(Q) as the closure of D(Q) in WHP().
We donote by HZ(Q) the space W2 (Q)

Remark 1.3 o The space Wéf’p(Q) s a banach space with the associated norm:

k
oy = S ID ey -
a=1

e The norm of WE*(Q) is equivalent to the norm of W*P(Q).
e The space Wf’p(Q) s separable space. Moreover, it is reflexive for p > 1.

Definition 1.5 We define the space W57 (Q) as the dual space of Wi (Q).
We donote by W12 the space H™(Q).

1.2.2 Sobolev Imbedding

Notations Let 1 < p < oo, we denote by p’ the sobolev exponent satisfying:

1 1 1
px p N’
Theorem 1.3 Let 1 < p < oo. We suppose that Q is bounded open set of class C*,

or @ =RY. We have the following continuous imbedding:
(i) if L<p<N, then WWP(Q)— LYQ), Vqce/]l,px],
(ii) if p= N, then ~ WIP(Q) — LIYQ) Vq € [p,+oo|,
(iii) if p> N, then — W1P(Q) — L>®(Q).

Theorem 1.4 (Rellich-Kondrachov) . We suppose that 2 is bounded open set

of class C'. We have the following compact imbedding:
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(i) if L<p<N, then WWP(Q)—,LYQ), Vqe[l,p*,
(i) if p=N, then  W(Q) =, LUQ), Vg€ [p,+oo[,

(i) if p> N,  then  WIP(Q) <. C(Q).

1.3 Some Useful Inequalities

Notations

e let 1 < p < oo, we denote by p’ the conjugate exponent of p satisfying:
1 1
p D

e We do note by d(x) = d(x,01) is the distance of x to the boundary 0f).

satisfying: d(x) = infycpq d(z,y).

Proposition 1.5 (Inequality of Poincaré) Suppose that 1 < p < oo and Q is a
bounded open set. Then there exists a constant C' (depending only on Q and p) such
that

[ull o) < CIIVUll 1oq) vu € Wy"(Q).

Proposition 1.6 (Hardy’s inequality) Let Q be a bounded open set of class C!
and let 1 < p < oo. Set d(z) = d(z,0) There exists a constant c(depending only

on Q) such that
)
d

<Vl V€W (Q).

Lr(Q)
Proposition 1.7 (Holder’s Inequality) Assume that f € LP(Q) and g € L¥ (Q)
with 1 < g < oo then fg € LY () and

||f9||L1(Q) <|I f el 9 ||LP'(Q) :

For p = 2 we obtain the inequality of Couchy-Shwartz.

Proposition 1.8 (Young’s inequality) For any real numbers a and b we have

1

1
b < Za® 4+ =b2.
\a!_Qa +2
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Proposition 1.9 (General Inequality of Young) For any positive real numbers

a and b, we have

ab < ga? + Cv'.

For any ¢ >0 and p > 1, where C > 0 depends only on € and p.

1.4 Elliptic Problems and Regularity

Theorem 1.10 (Lax -Milgram Theorem) (/3/) Let H Hilibert space ,assume
that
B:HxH—R

is bilinear mapping, for which there exist constants o, 8 > 0 such that
| Blu, v]| < allull ]| (u,v € H)

and

Blu,u] > 5 [[ul (u e H)

Let f : H— R be a bounded linear functional on H .

Then there exists a unique element uw € H such that
B[U,U] = <f,U>
forallve H.

Theorem 1.11 (local elliptic regularity) (/5/) Let Dy and D be open bounded
smooth domains in RN with Dy C D, let p > n. Then there exists a positive constant

k = k(n,p,8(D), Dy,dD), L) such that for any w € Wi (D)

”wHWZp(DO) < ||Aw||LP(D) + ||wHLP(D) :

In particular we have the estimate

VWl oo (pgy < 1AW oo (py + [[w]] oo ) -
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Lemma 1.12 (Hopf’s Lemma) (/10]) Assume that u € C*(Q) NCYQ) and
—Au>0 in Q.
and there exists a point x° € OQ such that
u(xo) < u(z), Vrell
Then

U, o
an(x)<0.

10



Chapter 2

Singular Linear Dirichlet Problem

In this chapter we deal with the following linear elliptic problem,

—Au = finQ
u = 0 on 09, u>01n

(P)

where Q is an open bounded domain with smooth boundary in RV, f:Q — R is

continuous function, Such that
0< f(z) <dP(x), B>0.

Definition 2.1 A weak solution of problem (P) is a function u € WyP(Q) and

/VU.VU dr = / fv dx,
Q Q

Yo € Wol’p,(Q), where p depends on [3.

2.1 Regularity of Weak Solutions

In this section we will prove the following regularity result for solutions to (P).

Theorem 2.1 For 0 < < 1, any weak solution u of problem (P) belongs to
CL(Q) NC%N).

Theorem 2.2 For 1 < < 2, any weak solution u of problem (P) belongs to
C(Q) NC(Q).
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To prove this theorem we recall a useful fact about the Green’s function in €.

Definition 2.2 Let ) be an open domain of R". We define the Green function G
of —A by the following formula

s e =y, n>2
G(z,y) =
%log]x—y], n=2

Now we give some Properties of this function.

Proposition 2.3 Let u € C*(Q) be the solution of the Dirichlet problem

—Au=f in Qand u=0 on 0.

Then we have

u(z) = / (—Gle, ) f()dy, @€ Q.

Proposition 2.4 . For z,y € Q,x # y, the Green’s function G(x,y) of —A in Q

verifies:
T n>2
G(z,y)] <
c(Injz—yl[+1), n=2 ;
%, n>2 .
|Gz, y)| <
Injz— 1
c d(y)—(‘ “x_yy‘||+ ) p=2
d
ot < min{ S LA sy
lz—y[" |z =yl
d
|GI$(I7y>| S min ‘ no ‘ (y) 1 y 1 Z 27
v = y["" |z —y[™

where the constant ¢ depends only on ).

Proof of Theorem 2.1 by Green’s formula, we have

ulz) = / (—Cle.y) )y, e,
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and
Vu(z) = / (~Gal,9) f(W)dy, €.

Then, from the regularity of €2, there exists ¢ > 0 such that for any
2o €Ny ={2€Q:d(z) <o},yeq,

such that

d(zo) = 0 — |rg — y| and B, C Q.

if 21,20 € Q, £ =d(z1,35) < o with f(z) < d(z)™”, we obtain

Vu(zr) — Vu(zs)| < / Glar, ) — Gala, )| d(y)Pdy

Q\Bg(z1)

+ / G (21, y) — Go(w2,y)| d(y)Pdy.
Br(z1)

Where we pick

1= / Go(ar,y) — Galen, y)| dly)Pdy
Q\Br(z1)

and
U:/ ( )\Gx(frl,y)—Gx(mz,y)\d(y)de-
BR T

Now we have

r< | / Gaal€(0), )] I/ (0)] )"y,
Q\Bgr(z1)
such that £(¢) : [0,1] — Q with &(t) = 21 + t(xe — x1), So we obtain
I< / / 1Gon(6(), )| |22 — 21| d(y)Pdy.
Q\Bgr(z1)

Hence

1< d(xl,mg)/

Q

1
| 1Gatet. )l dt0) P a,

\Br(z1

by proposition (2.4) we have

Pmin {|€() — yl, d(y)}

- d(y) " dy
y| +1

] S d(Ih(IJQ)/
\Bg(w1) Jo () —
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i —vyl|,d
<oy [ IO )0,
Q\BR(Z‘1)

’xl - ’y‘nﬂ

Here we have used
E@t) —y| = |z —y| — |z — E(@1)],

now we find

SO

We have

[e.9]

Ty < cd(xl,xQ)/R Ay

1
I< cd(xl,:BQ)/

O\Bg(=1) |71 — ¥

I < cd(zy, xg)/ r 1 Bdr = 2cd(xq, xg)d’ﬁ(:vl, Tg) = Cdl’ﬂ(xl, To).
R

Forthermore, we have

IIS/ Gm(xl,y)d(y)‘ﬁdy+/ G (w2, y)d(y) " dy.
Br(z1) B

r(z2)

as above by the proposition 2.4 we obtain

[ G i< [ min {|o =1, W) 40 )-sqy,
Br(z1)

Br(z1) ’231 - yln
and
_ min {|ze —y|,d(y)} , |~
| Gulat) Pay<c A} sy,
Br(z2) Br(z2) |I2 - Z/|
As obove
11 < / |z =y dy +/ |20 —y| " dy
Br(z1) Br(z2)
SO

R
IT g/ r A e = 2ed P (24, ).
0

By (2.1) and (2.2) , we can easily conclude Theorem 2.1.

Proof of Theorem 2.2 by Green’s formula, we have

ulz) = / (—Cle.y) )y, e,

14

(2.1)

(2.2)
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and
Vu(z) = / (~Gal,9) f(W)dy, €.

Then, if 71,29 € Q, R = 2d(z,15) with f(x) < d(x)~", we obtain

u(e1) = u(ws)| S/QIG(% y) = Ga,y)l d(y) ™ dy

_ / G (1, ) — Glwa, )| d(y)Pdy
Q\Bg(z1)

n / Glar,y) — Glas, )| d(y) P dy.
Br(z1)
We pick
I= [ 16 Gyl )Py
Q\Bg(z1)
and

1= /B 16 = Gl )] ) Py

Now we find

I G ( d(y)~Pdy,
<[ [ iedeoanieena

such that £(¢) : [0,1] — Q with &(t) = z1 + t(xe — x1), So we obtain

1
I GL(&(1), — x| d(y)Pdy.
< / - / GL(E(E), )] |22 — 1] d(y)Pdy

Hence

T1, T2 1 z , P )
1< d(as, ) / - / GaE(t), )| d(y) Py

by proposition (2.4) we have

T1,@ " min {|g(t) —yl d@)} s
f= o) /Q\BR<x1> 0 §(t) —yl" dly)"dy

min{|z; —y|,d _
Sd(xl,:cz)/ o y|n (y)}d(y) Pdy.
O\Bgr(z1) |71 — |

SO

[e.9]

1
1< cd(xl,xg)/
N\Br(a1) |11 — Y| R

(2

15

—Wwdy < cd(xl,acg)/ rBdr = C’d2_5(x1, Ta).
3)
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Furthermore, as above we have

1< /B . / GL(E(t), ) 1E/(8)] dy)Pdy

and

<oy [ PADZI A )0,
Br(w1)

’901 —y|n

By the same way we find

171 < Cd($1,$2)/ |y — y|17niﬁ dy,

Br(z1)

SO

R
11 < cd(xl,xg)/ plen=Bpn=lgy = cd(a:l,xg)/ rBdr = Cd27ﬁ<$1,1’2>. (2.4)
0

Br(z1)

By (2.3) and (2.4) , we can easily conclude Theorem 2.2.

2.2 [Existence and Uniqueness of Solutions

In this section we will study the existence of solutions for the problem (P).
Theorem 2.5 Let 0 < 8 < 2. Then there exist a unique solution u € H}(Q) to

2
problem (P)

Proof. Indeed, we apply the Lax-Miligram theorem. The associated bilinear form
is
a(u,v) = / VuVudz
Q

Now we have to prove the continuity of a(u,v). By using the inequality of Couchy-

Shwarz we obtain
w0 < [ [VuToldo < [Vl 1900
Now we prove that a(u,v) is coercive

a(u,u):/|Vu|2dx: lull?.
Q
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It remains only to prove that f € H~'(Q2), we have

[ i | [ 54 -

v
—d'Pdz|.
/ v
By using Couchy-Shwarz inequality, we obtain

/Q Ya | < (/’ ’ dg;)é (/del—5|2dq;)é

Now by using Hardy’s inequality, we find

([ ([ = e s o
old Q @
c= (/ |d1_6‘2d:r>2 < 00
Q

(we have in fact 2(1 — ) > —1).

f7 ‘_

Since

So by Lax-Milgram theorem there exists a unique solution u € H}() to the prob-
lem(P).

Theorem 2.6 Let 3 < 3 < 2. Then there exist a unique solution u € WyP(Q) for

1 <p < 545 to the problem (P).
To prove the last theorem. First, we need to prove the following main theorem .

Theorem 2.7 Let % < B < 2 and let u be a weak solution to the problem (P), then

there exist ¢ > 0 such that:
Vu(z)| < cd(z)" ¥V xe.
To prove the above theorem, we begin by the following lemma.

Lemma 2.8 There exists a constant ky > 0 such that, if v € L®(QQ), —Av €
L*>*(K), for all compact subset K of Q and if r € (0,1], Ba,(x) C 2, we have

1
Vo € Bula): (V0(@)] < b (rl80limiz ooy + 1 limmey ) (29)
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Proof. Let zp € Q, and let 7 : 0 < 2r < d(zg) (then By.(z9) C ). Changing
variables according to x¢ + ry = z, we define w(y) = v(z), for y € B2(0). Then we
have

Vuw(y) = rVou(z), Aw(y)=r’Av(z) (2.6)

and we use the following estimate followed from the local regularity (Theorem 1.11),
[Vw(y)| < & ([Awl e(sa0)) + wllL=(s0y) » for all y € B (0) (2.7)

Hence, the local estimate (2.5) follows from (2.6) and (2.7).

Proof of Theorem 2.7. Let z € () and set r = @, and take o = x. Let us note

that
Bzr(x)CA:{zeQ:@gd(z)g

W Ut

d(:c)} c Q.

We apply the previous lemma, we obtain

1
Vu@)| <o (nAuuM - s ||u||m,4>) -

In other side, we can prove easily that ug = clgzﬁf_ﬂ is a subsolution of the problem

(P) for ¢; small enough, that is
—Aug— f<cd™” —ecd? <0,

and u® = Cd(x)* ¥ is a supersolution for ¢, large enough. that is
—Au? — f> cod P —cd™? > 0.

Thus

crd(z)?7F < u < cod(2)*7P.

This gives
d=* 1 d(x)* P 18
Vu(z)| < e (d(:v)?)ﬁ + i(x) 37 ) < Cd' "

Proof of theorem 2.6 First we have to prove that f € W=1P(Q), for 1 < p < ﬁ,

v d )
Ry -6
/Q P /Q d v

we have

<

/vad:v <

(S, 0)] =
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-

By using Holder’s inequality, we obtain
1

/Q La-Pda| < (/‘d( dx) </Q\d1—ﬁ|pdx)p

Now by using Hardy’s inequality, we find

( Epdan)p (/ d P da:) ( /|Vv|p da:)p cllv]] Wi () -
Q
Where .

c—(/}d1 /3‘ dx) < 00,

1

Now we have the following auxiliary problem,

~|

since

—Au. = foin Q
ue = 0 on 09, wu.>01inQ

where
fe € L>(Q), f is continuous function, f. — f uniformly on the compact subset of ]

which gives

fo— fWH(Q), as € — 0.

So by lax-Miligram theorem there exist a unique solution u, € H}(Q) to the last
problem, by the theorem 2.1 u. € C'(Q) NC2(Q). this gives u, € Wy (Q). In other
side, by the theorem 2.7

IVl oy < €lld | o) < €

this gives u, — u weakly in Wol’p(Q), S0 we can passe to the limit as e — 0, in the

/VUEVde:/fevda:.
Q Q

we obtain [, Vu Vude — [, VuVudz, and [, fovde — [, fv, thus u is a weak

weak formulation

solution to the problem (P) moreover u € W, 7(Q). It remains only to prove that u
is unique, let u, v two solutions to the last problem, we have —A(u — v) = 0 which

implies © — v = 0 and this gives u = v. So we can easily conclude the Theorem 2.6.
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2.3 Non-existence Result for 5 > 2

In this section we prove that the following problem

1
—Au = d—ﬁan

v = 0 on 99

(2.8)

has no weak solution.

Theorem 2.9 For 3 > 2, the problem (2.8) has no solutions u € C(Q) N W™ (Q).

for any p > 1.
To prove this theorem we need the following lemma.
Lemma 2.10 Let 1) € C1(Q)NC3(Q) to be the unique solution to the linear problem
—AYp=1inQ, =0 on .
Then
) ~d.
Proof. First we work with y € 00, we apply the mean value theorem, we obtain
(@) =) < cle—yl,

with y € 02 we find,
|(x)| < cd(y). (2.9)

Now, by the theorem 2.1, we can apply the Hopf lemma, we obtain |V#| > 0 on 02,

since () is bounded and regular, we obtain
IVip| > ¢>0, nearto 0f.

Let y € 2 (near to 092) and let n be the internal unit normal vector on 0 at y. we

have

o Wy —tn) —d)| _ Wy =t

V()| = I

—0 t t—s0 t -
so for 0 <t < n, we have

[¥(y —tn)|

r >c= Y(y —tn) > ct.
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For x = y — tn we obtain
(x)>clr—y| >cd(x) Vre{reQ:dx)<n}. (2.10)
Now we work with y in the interior of €2, we have

g <d(z) < e

and
A S (a) < o
then
W(x) > CC_;CQ > Cd(z). (2.11)

By (2.9), (2.10) and (2.11), we obtain

Y~ d.
Proof of theorem 2.9 Suppose by contradiction that there exists a solution
uy € C(Q)NW,7(Q) of problem (2.8). We consider the following auxiliary problem
—Au, = 5 in Q

(d+e) (2.12)
u = 0 on Of)

By the comparison principle we can prove that,
cp <ue<wuy in (L (2.13)

Let \; be the first eigenvalue with the associated eigenfunction ¢; of —A in €, it is

well known that A\; > 0 and ¢; € C*(Q), by the same proof of lemma 2.10 we obtain
crd < 1 < cad. (2.14)
Now multiplying (2.12) by ¢; and integrating by parts we obtain

Al/“e@ldx:/(d+€)_ﬁwld$7
Q Q

by using (2.13) we obtain

M = )\/ uordr > )\/ ucprde = /(d—l—e)ﬁgoldx.
Q Q Q

Passing to the limit as ¢ — 0 in the above inequality and using (2.14) we find

Mz/dﬁd dx:/dlﬁdx,
Q Q

but [, d'~Pdz = oo for 8 > 2, which is contradiction. This completes the proof.



Chapter 3

Existence and uniqueness of Singular

Problem

In this chapter we study the existence and uniqueness of positive weak solution to
the elliptic quasilinear and singular problem
—Au = L inQ
u
u = 0 on 00

(P')

where ) is an open bounded domain with smooth boundary in RY, o > 0.

The problem (P’) is reduced to an equivalent fixed point problem which is studying
by using a method of sub and supersolutions giving rise to monotone sequences
converging to fixed points which are actually minimal and maximal solutions (which

may coincide) in the interval between the ordered sub and supersolutions.
Definition 3.1 Let p > 1, for the weight function b(z) we define

LP(Q,b) = { we LP(Q) - /Q|u(x)|pb(x)dw < oo}

With the associated norm

el sy = (/ [l b(z) dx)

Definition 3.2 We say that ug (resp. u°) is a subsolution (resp. a supersolution)

of problem (P'), if ug,u" belong to H&(Q) N L>*(Q) and

/VUOVvdm — /(ugo‘)vdx <0 (3.1)
Q Q
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and
(resp. /VUOVvda: — /(uo)o‘vdx > 0) (3.2)
0 Q

Vo € Hi(Q),v>0.

Definition 3.3 We say that u (resp. W) is a minimal solution (resp. a mazimal

solution) of problem (P') if u is weak solution and satisfying,
u<v®,  for any supersolotion v°,

(resp. vo <@,  for any subsolotion vy.)

3.1 Existence for The case 0 < o < 1

We study the existence and uniqueness of positive weak solution to the problem

(P'), where 0 < a < 1.

Definition 3.4 a weak solution of problem (P') is a function u € H}(Q) and

/VUVU dr = / fu dex,
Q Q

Our goal in this section is to prove the following theorem

Yo € Hy(Q).

Theorem 3.1 The problem (P') has a positive weak solution u satisfying,
ad(z) <u(zr) < cod(x).
Therefor our main tool is the proof of following existence theorem.

Theorem 3.2 Assume that there exists a subsolution uy and supersolution u°

such that ug < u® and that there exist constants cy,cy satisfying:
0 < crd(z) < up(r) < ul(w) < cpd() Ve e (.

Then, there exists a minimal solution u and mazimal solution u to the problem (P’)

such that
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We define the following weight function b(x) = d(a:)++a and the sub set
K = [ug,u’] = {u € L*(Q,b) : up <u < u’}.

Notice that K is convex , closed and bounded. A first auxiliary result which is the fol-

lowing.

Lemma 3.3 There existes a posz’tive constant M > 0 such that the mapping F :
K — H7Y(Q) defined by F(w) = - + M 5= e )1+a is well defined, continuous and in-

creasing.

Proof. To prove that F is well defined we have to prove that F(w) € H~1(Q), Yw €
K, the linearity is immediate, so we have to prove the continuity.

Let z € H}(Q) by using the fact that w € K, we obtain for the first term of F'(w)

(i) e o

by using inequality of Couchy-Shwarz and Hardy’s inequality we obtian

z z
c ‘—‘dl_adxgc)—
IR

i

—dac

<c|z].
L2(Q)

L2(9) Hdl_a””(m ¢ Hcil‘
Where ¢ donotes different positive constants which are independent of the function
involved, in the same vein, we donote by |[|z|| the norm ([, IVz|* dz)2 in the sobolev
space Hj(f2) (as along this chapter).

For the second term of F(w) we have for all z € H}()) and using inequal-

ity of Couchy-Shwarz and Hardy’s inequality we obtain,

(@)=

where the constant ¢ > 0 is given by :

2
Ji#l =

Nexte we prove the continuity of F.For the first term, if we assume that w, —

W
o dite Il >

z

d

< c|2|

L2(Q)

z||w
d ' d

L2(Q)

w2

d2a

w

da

w?
dr = /Q d1+ad dr < cHwHLQ(Q,b).

w in L?(Q,b), we should prove that

—0 as n— o

‘ 1 1

(03 (6%
Wn o WllE—1 (@)
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we have

< ¢ ||z]| de.

/w(z)d dz| < ¢
Q d

W

EHLz(Q)

d(ws — w®)|”

[eZY31e]
wiw

o
L2(Q)

Now using the mean value theorem we find

2

),

and by the definition of K

, H d(u, — w)aw(6)"!

(6% (6%
wow £2(9)

d2(wn _ w)2a2w(9)2(a—1)

2 w2
w; aw o

dx

B d2a1)2
c<c/|w” w| ¢ e

/]wn—w] d2a
dx
_C/Q—d T

2

- Q dito

dx
/ 2
< jwy — w||L2(Q,b)

which converges to 0 as n — oo (here 6 do notes the intermediate point in in the seg-

ment [w,,w]). For the second term of F', we have for anyz € H}(Q)

wy, w Wy, — W
Q(dl-i-a _W)de S/Q Jita © dz
/' dlI |z| dx
w, —w||z
< = =ld
—/Q | lal™

by the inequality of Couchy-Shwarz

[ M(/Q

z

d

W, — W

da
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by Hardy’s inequality

‘wn w|
(dHa dHa )zdx / |Vz\ dx
we have now
jw, — wl? wn —wl* 2
wa = o Wd dr <c Hwn - wHLQ(Q,b)

from where we obtain

Wy, — W 2
(o2} < cllun = wlEaag 1.

Which converges to 0 as n — oc.

Now we prove that F is increasing, we work in the bounded interval [u,v] C K, us-

ing the definition of K, the mean value theorem and choose the constant M large.

F(u)_F(U) = _+Md1+a_ Md1v+a

= —aw(f) M (u—v) — 2L (u— )

(3.3)

< (M —a)(jms) <0
(here 6 do notes the intermediate point in in the segment [u, v]).

We need a second result which is the following.

Lemma 3.4 If0 < a < 1, for any h € H™Y(Q), there erists a unique solution z €
H}(Q), to the linear problem

—Az+ d(x)pra =h in§
z =0 on OS2

(3.4)

Proof. Indeed we apply the Lax-Miligram theorem. The associated bilinear form
is

a(u,v) /Vqud:L’ + M/ 1+a
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Now we have to prove the continuity of a(u,v), we have

ja(u, v)] <

By using the inequality of Couchy-Shwarz we obtain

v

Ja(w, 0)| < 190l 2oy 190 ooy + |5 |5

,C = / d'dx < 0.
L2() Q

We apply Hardy’s inequality for the second term we find

L2(Q)

|a(u, 0)] < [lull o]l + [ Vull ) IVOll 2y < (e 4 1) [Jull o]l -

Now we prove that a(u,v) is coercive

2
a(u,u):/Q|Vu|2dx+/QMd?+adx2/Q\Vu‘%lx: [l -

With h € H () so by Lax-Milgram theorem there exists a unique solution u €

H}(2) of (3.4). We need a final auxiliary lemma which is the following.

Lemma 3.5 The imbedding H}(Q) < L?(Q, ¢) is compact, where c(x) = ﬁ, for
b < 2.

Proof. In the first we have to prove that H(Q) C L*(Q,¢). Let u € H(L),
by Hardy’s inequality, we have

Jul” Juf” &? /‘ ‘ /
< < = .
0 ——dx P d2d | |5 dr <c | |Vul]* = ¢llul| < . (3.5)

So u € L*(Q, c). Now taking a sequence u, — u weakly in H}(€) and prove that

u, — u strongly in L?(Q, c) as n — +oo, we obtain

(1,
oo~y = [0 e = [ -y Lo

by Holder’s inequality
Uy — U p
d

1

p
||, — uHLz(QC) < (/ ](un — u)L,B’P dx) /
Q Q
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we have to take p = 525 and ’:%

/ [(u dm < /Q(un—u)de/Q (%)Qdas

as Hj(Q) —. L*(Q) so [, (u, —u)*dz — 0 and [, (%)2 dz is bounded, this givis
|un — ul
/QTCZI' — 0,

Hy(Q) <. L*(Q,¢).

SO

Proof of Theorem 3.2 Problem (P’) is obviously equivalent to the nonlinear prob-

lem
—Au+ M g—s e )1+a = +M e )1+a in 2 (3.6)
u = 0 on 0f
By the definition of the subsolutions, we have
/ VuyVodr — /(uga)vdx <0 (3.7)
Q Q

by Lemma 3.4 and Lemma3.3 we construct the following iterative scheme start-
ing from the subsolution ug (and it is very similar for supersolution u°), such that

ur11 € H3 () to be unique weak solution of the linear boundary value problem.

Upy1 = 0 on 0f2

We have to prove that
o < up < o < < uF <<t <l

First we confirm this for £ = 0 in (3.8), we have

Auy + M4 = +M()1+a n <)

d(x)1+a

u1:00n89

(3.9)

Subtract (3.9) from (3.7), multiplying by v = (ug — u1)™ € H}(Q),v > 0 and

integrating by parts, we obtain

2 uy 2
/QV(UO - U1)+ dz + /Q MW(UO — U1)+ dx S 0 (310)
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50 [, V(up — uy)™dx = 0 which implies uy < u;. Now we show
Up—1 L U = U < Uk+1 (311)

from(3.8) for each v € H}(Q2) we find

Uk

1
V Vv+ M k1 x——/ — + M——)vdx
/ Uk4+1 VU d( >1+ vd Q(ug d(l‘)l a)Ud

and

1 —
/Vuva—l—M vdx—/( + Mkl Jodx
0

d( )1+a ug_l d(x)l—Fa

subtract the preceding formulas and take v = (uy — ug_1)*, we obtain

2, Mu —up1)THdr = Up_1)— F(ug)) (up —up. 1) T de
[ (=) G ) ) = [ ()= F)) =) o,

by lemma 3.3 and 3.11
F(ug—1) — F(ug) < 0= up < up1.

Next we assume that u, < u° and prove that u, < u°

Ug41 1 Up
N M _ =
Ukey1 d(z)re  up d(z)+
0 1 0
—AU+ M > M-

Ty = Ty M
Subtract the preceding formulas, multiplying by v = (uq — u®)* € H}(Q), inte-

grating by parts and by lemmag3.3, we find

[ (i =) M i =) <[ (Pl) = () g2 =)

this gives up; < u°, thus we have established the increasing sequence;
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Now we have
k1 1 o
“AUF Y > M
u d(z)*e = (uh)® + d(z)i+o

and

Uk+1 U
—A M =—+M-——.
Ukt ¥ d(z)He  ug * d(x)te

It remains only to prove that u, < v, we have ug < u°, now assume that u;_; <

u® and prove that u, < uFt!

Subtract the preceding formals, multiplying by v =
(upy1 — v T € HY(Q) and integrating by parts with last hypothesis and lemma

(3.3), we find

/(V(ukH — a2y 4 (Upr1 — u* T T)dr <0
0

M
d(m)l—&-a

giving again the result. Forthere we obtain two monotones sequences satisfying;
o < up < o < .o <uF <<t <l

by exploiting the regularity for the linear problem (3.4) and the estimate in the
lemma (3.3), we find

Muk_l
d1+a

<ec.

H=1(Q)

luk]| < ¢

1
Up_
Where the constant c is independent of k. Thus there exists a subsequences still
denoted uy, and u* such that : v, — w and u* — @ weakly in H}(2) and strongly
in L?(2), (notice that the imbedding H}(Q) < L*(Q) is compact), therefore,
by the inverse Lebesgue theorem the subsequence u, converges to wu a.e. in €.

Next we should pass to the limit in equation (3.4). The weak formulation is

UkU (% Up—1V

/Q(Vuva —l—MdHa)da: = /Q<U2‘_1 +M T )dx

for any v € Hy(2) therefor [, Vugy 1 Vode — [, VuVudz, for the first term in the

right-hand side by the definition of K we obtain

v v v
. — d - S dl—cx_
ug_, dug_, d

By Couchy-Shwarz and Hardy’s inequality

1 1
2 2 2
/dlo‘gd:c < </ dx) (/ \dlafdx) < c/ Vol dz < oc.
Q Q Q Q

v

d
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With up — w a.e, in 2, we can apply the dominate convergence theorem, this
gives that
1
/—vdw—) —avdx k — oo.
Q

u

For the terms on the both sides, we have to prove that

Urv u
/Q(Mleroé—Mler )dz — 0, k — oo.

We have

Urv
/Q(MdHa - Md1+ / M— d” “do =

by using Couchy-Shwarz inequality we obtain
1
2 2
dx) ( E‘ dx)
qld

(up —u) v /
M———de < | M
/Q A G
1
v2 2
([I5] )" < o=l

and by Hardy’s inequality
d20¢ dI)

(o]
Q
Such that 2a: = 3 so by lemma 3.5 u, — u strongly in L?(€, ¢), giving again the re-

ol

(ux — u)?

d2a

N

sult.

3.1.1 Ordered Sub and Supersolutions

Proposition 3.6 There exists a subsolution (resp a supersolution) of the problem

(P') satisfying the conditions in Theorem (3.2).

Proof As a subsolution, we set ug = c¢; where —A¢; = A\1¢1 in Q, ¢ =0 on 01,

¢1 >0, ¢ >0, we have
1 1 1+a)\ I4+a 1
—Aug — — = cAi¢1 — — = c 1¢1a <0
Ug el ot

for ¢ > 0 small . As a supersolution , we set u’ = Cv¥, where ¢ € C1(Q) N

C?(9) is the unique solution to the linear problem

—AyY = i Q, Y=0 on )

1
d(z)*
(see theorem 2.1). Then using the fact that ¢ ~ d(x) (see lemma 2.10), we obtain

0 1 B g 1 B Cva+11/)oz_c¢o¢
—Au—w—da—(cw)a* <C¢)ada ZO

for C' > 0 large. Consequently the proof of (3.1) can be deduced from theorem (3.2).
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3.2 Uniqueness of Solutions for 0 < a <1
Theorem 3.7  The problem (P'), has a unique weak solution u belongs to H} ().

Proof we assume that u,v are two solutions to the problem (P’), First, we as-
sume thatu < v in Q. Multiplying (P’) for u by v and by u for v and integrat-

ing by parts on (), we obtain
/Vqu—VvVudx:/idx— idmzo.
Q o u® o v

Then
at+l _ a+l
A - Ed:v:/%dx:()
Q

o u® q U% VU
Since v > u,u = v. Notice that all the above integrals are meaningful. Indeed, since
u,v € k we have eg. that [, %dr < ¢ [,d(x)'"*dz < co. If now v £ v and
v £ u, we have ug < u,v < u’. Then u < u,u < v and it follows from above that u =

u="v.

3.3 Existence for The case o =1

We study now the same problem(P’) but for a = 1. If we try to apply the argu-
ments in the preceding section, we will find some difficulties to the fact the embed-
ding in the lemma 3.5 is not compact any more for § = 2, which is precisely the crit-
ical exponent arising for o > 1. As above with the preceding section, Keeping the
same definition of the weak solution, we will prove the following main existence

theorem,

SIS
[V

Theorem 3.8 The problem (P') has a positive weak solution u salisfying,
k

<u(z) <c | In(=—)

x

s (ni5) a@)

To prove the last theorem we replace the assumption on the sub and supersolu-

tion in the Theorem3.2 by the following.
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Theorem 3.9 Assume that there exists a subsolution uy and a supersolution u°

such that ug < u® and that there exist constants c1,ca > 0 and k > 0 large enough sat-

wsfying:

I

k

0 < cid(x) <m(%))é < up(z) <u'(2) < e (m(m)) Vee Q. (3.12)

Then, there exists a minimal solution u and a mazrimal solution u to the problem

(P') such that

uy < u <u<u’
and we define this time the weight function b(z) = T:}:)"’ and the sub set
K = [ug,u’] = {u € L*(,0) 1 up < u < u’}

Lemma 3.10 . There exists a positive constant M > 0 such that the mapping
G: K — HY(Q) defined by G(w) = %—i—M# is well defined, continuous and in-

creasing.

Proof. As above we prove that G(w) € H 1(Q), Yw € K, the linearity is immedi-

ate, so we have to prove the continuity. Let z € HJ(£2), we obtain for the first term

of Glw), 1
(o)l = | ae

by using inequality of Couchy-Shwarz and the definition of K we obtain

_ _/z
old

dzx,

Ll <<l 1
—| —dxr < cl||= T
qldlw dllL2() (111(%))2 12(Q)
Now by using Hardy’s inequality
z 1
|Gl |z =<l
@ | mENF . g,

Since

|=

1
(m(g))%

1
(In())>

1 3
(in(20)) ‘ dx) '

2 2
dx < /
Q

-\

L*(Q)
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For the second term of G(w), we have for any 2z € Hj(Q),

w z
——dx|.
[

By Couchy-Shawrz and Hardy’s inequality

/Ei

o dd

e = (|7
2

=[5 ) = ollan

Next we prove the continuity of GG. For the first term, reasoning as above

z

w
d <H_
. d

d

< c[|Vall 2

L) L*(Q)

Noticing that

N

11 —w,
/(———)zdm _ /“’ U Eyadr| < | <zl a
Q W, W 0 wyw - d dllr2(o)
Such that ,
_ 20 )2
7 _H w) :/ d*(w, — w) I
Wy W L2(Q) Q w2w?

by the definition of K we obtain

cilgc/

giving the result. For the second term , Vz € H}(Q) we write

Wy, — W /wn—wzd
&z ° 0 d 4™

By Couchy-Shwarz and Hardy’s inequality

Wy, — W
2

giving again the result. Now prove that (G is increasing, we work in the bounded in-

(wn

2

<c

2
2]l dz = ¢ [lwn — |72 [I2]l
L2(Q)

Hwn—w

terval [u,v] C K , by using the definition of K we obtain

1

(here 6 do notes the intermediate point in the segment [u, v]) We need a second re-

sult is the following



CHAPTER 3. EXISTENCE AND UNIQUENESS 35

Lemma 3.11 For any h € H'(Q), there exists a unique solution z € H}(Q),

to the linear problem

—Au+% = hin{) (3.13)
v = 0 on 09

Proof. Indeed we apply the Lax-Miligram theorem. The associated bilinear form
is
(u, v) /VVd +M/ g
a(u,v) = uVudx ——dx.
Q o d(z)?

Now we have to prove the continuity of a(u,v),

|a(u,v)]§/]Vqu[dx—i—]M/‘E %l da.
O qldlld
By using the inequality of Couchy-Shwarz we obtain
<||v v M|= -
a(w,0)| < 190l 1900y + M |5 o 1]

We apply Hardy’s inequality for the second term we find

|a(u, 0)] < lull loll + M [ Vul 2 g) IV 0l f2(g) d < (M + 1) [Jul} o]

Now we prove that a(u,v) is coercive

2
a(u,u):/Q]Vu\2dx+/QM%dx2/Q\Vu|2dx: |ul| -

With € H'(Q) so by Lax-Milgram theorem there exists unique solution u €
H}(Q) of (3.13).
Proof of Theorem 3.9 Problem (P’) is obviously equivalent to the nonlin-

ear problem
“Aut+Mghs = L+ Mgy inQ (3.14)
u = 0 on 0N
by the lemma 3.11 and 3.10 we construct the following iterative scheme start-
ing from the subsolution uy such that uzy; € H3(Q) to be the unique weak so-

lution of the linear boundary value problem,

—Duppr + Mgty = -+ Malhs (3.15)

gy = 0 on 0N
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As above with the preceding section we prove that

up <up <y < < b <<t <l
By the definition of subsolution ug, we have

/QVUOVvdx - /Q(uoa)vdx <0,Vv>0 (3.16)
First we confirm this for £ = 0 in (3.15), we have

—Au1+Mﬁ = u%—i—Mﬁ in 2

up = 0 on 09

(3.17)

subtract(3.17) from (3.16), multiplying by v = (ug —u;)™ € H(€),v > 0 and using

integration by parts we find

/ V(up — up)dx + / M%(uo —up)dz <0 (3.18)
Q o dz)

SO

V(ug —u1)dr = 0 = ug < uy.

Now we have to prove that u; < ug 1, for this we assume that,

By multiplying (3.15) by v € H(Q) and integrating by parts, we find

Uk+1 1 Uk
M dr = — + M ——)vd
/QVquVzH— d($)20 T /Q(uk + d(x)z)v x

and

ug, 1 Ug—1
M——vdx = M dx.
/QVuva+ d<$)2v T /Q(Uk—l + d(a:)2)v x

Subtract the preceding formulas, substituting v by (ux — ug_1)", we obtain

M'LLl
d(x)?
by lemma 3.10 and 3.19

/Q (V (=) 2+ T i) ) = / (G(utpor) — Glu)) (g — ) dz

Q

G(ur—1) — Gug) <0 = up, < upps
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Next we assume that u, < v and prove that ug, < u, we have

Uk 41 1 Uk
~A VAR | .
U M T M a@)
and
0 1 0
A M > g

d(x)? = ud d(x)?
subtract the preceding formulas , multiplying byv = (ugy1 —u®)* € HJ (), using in-
tegration by parts and by lemma 3.10 we obtain
0 M 0y+ 0 0\+
(V(ugt1 —u’) + ——5 (U1 —w)") | de < [ (G(ug) — G(u”)) (ug+1 — u”) Tdz
Q d(z) Q
< 0.

So

Uy < u’

Thus we have established the increasing sequence;

By the same way we establish the second decreasing sequence;
wW>ult > > ub > > .

It remains only to prove that u, < u®, we have uy < u°, now we assume that u,_; <
u* and we prove that u, < u**!, we have
k+1 1 uk

At s L
e T w T Ay

and

U 1 U
—Auk+1 + Mﬂ i

d(r)?  uy d(x)?
Subtract the preceding formulas, multiplying by v = (uz — v*™)T € HI(Q),
using integration by parts with last hypothesis and lemma (3.10), we find

M
/Q(V(Uk_H — Uk+1)+2d$ + W(uk.‘rl — uk+1)+2)dx S O,
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giving again the result. as above we obtain two monotone sequences satisfying;
up <up <<y << dFll <t <Al

By exploiting the regularity for the problem in lemma 3.11 and the estimates

in lemma 3.10, we obtain

1 Muy_
+—=
Up—1 d

|ug|| dx < ¢ <ec.

H=1(Q)

Where c is a constant independent of k. So there exists a subsequence still do note
uy by the inverse Lebesgue theorem u;, — u ( by the same way for the second subse-
quence u* — ) weakly in H}(Q) and strongly in L(£2). Next we should pass to the

limit in equation (3.15), the weak formulation is

UV v U1V
Vu Vo + M—"—dy = / + M d
/Q ST @™ T Jowen T d@r ™

for any v € H}(Q), [, VurVude — [, VuVudz clearly. Concerning the first term
on right-hand side, by Couchy-Shwarz and Hardy’s inequality and the fact that u €

K we obtain

< Clv]| < oo

Such that

N

1
C = —dx %)
J iyt )

and we have wu; — u a.e.in (). So we can apply the dominate convergence theo-

rem this gives that

1 1
/ —v — [ —vdx, k — oc.
Q

Uk Qu

For the second terms on both sides we have to prove that

U1V uw
M de — | M——=dx, k — .
/Q d(x)? /Q d(x)?

By the definition of K we have
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By Couchy-Shwarz and Hardy’s inequality we find

< clv] < 0.

N|=

vl 1
d (1n(k))? (In(%))

L1(Q) L2(Q)

As above using the dominate convergence theorem is giving again the result.

3.3.1 Ordered Sub and Supersolutions

Theorem 3.12 There exist a subsolution ug(resp a supersolution u°) of problem

(P') satisfying the conditions in theorem (3.2).

Proof. As a subsolution, we set ug = c¢; (ln%(ﬁ)) where

1k 1
—A In2(=) | = ———  in Q.
(cqbl nd( ¢)) el

Such that ¢; =0 on 9, ¢; >0, ¢ > 0, We have

1
1 k 1 Ap?lnz(£) -1
Uo gbl C¢1 1n2(a) C¢1 In2 (E)

For ¢ > 0 small . As a supersolution , we set

k

u® = C'¢py Inz (-
()

where

1k 1

—A (ngl 1112(—)) =——F— inf.
¢ chr lnﬁ(ﬁ)
Such that ¢; =0 on 02, ¢; >0, C > 0.
1 Lk 1 C2¢2n (L) —1
0 _ sV _ 1

T T
Cormi(L)  Corlni(k)
For C' > 0 large. So we can easily conclude the theorem (3.9). which gives the

theorem (3.8) clearly.
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3.4 Uniqueness for a =1

Theorem 3.13  The problem (P') has a unique weak positive solution u € H}(S).

Proof Let u,v are two solutions to the problem (P’). First, we assume thatu <

v in Q. Multiplying (P’) for v by v and by u for v, integrating by parts we obtain

/Vqu—VvVudx:/de—/Edx:O.
Q Qu Qv

2 .9
/de—/gd:c:/v udx:()
QU QU Q vu

Since v > u,u = v. Notice that all the above integrals are meaningful.

Then

Indeed, since u,v € k we have ,e,g.,that

If now u £ v and v £ u, we have ug < u,v < u’. Then u < u,u < v and it fol-

lows from above that u = u = v.

3.5 Existence for The case 1 < a < 3

We study now the same problem(P’) but for 1 < a < 3. As above we have to prove

the following main existence theorem.
Theorem 3.14 The problem (P’') has a positive weak solution u satisfying,
cld(x)l%a <u(x) < CQd(l’)H'%.

Now we replace the assumption on the sub and supersolution in the Theorem3.2 by

the following.

Theorem 3.15 Assume that there exists a subsolution ug and a supersolution

u® such that uy < u® and that there exist constants cy,co satisfying:

0< cld(a:)l%a < up(z) <u'(x) < CQd(l’)ﬁ in Q. (3.20)
Then,there exists a minimal solution u and a mazximal solution u such that

uy <u<u <’
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We define now the weight function b(z) = d(i)? and the sub set

K = [ug,u’] = {u € L*(Q,b)  up <u<u’}.
Notice that K is convex, closed and bounded. A first auxiliary result is the following.

Lemma 3.16 . There exists a positive constant M > 0 such that the mapping
G: K — H Q) defined by G(w) = ﬁ—i—M# is well defined, continuous and in-
creasing.

Proof. First we prove that GG is well defined, the linearity is immediate, so we have to

prove the continuity. Let z € Hj(2) we obtain for the first term of G(w)
1

[EREN,

w™ Q we Q

by using inequality of Couchy Shwarz and the definition of K we obtain
d

Z z 2

—| —dx < c||—= ’ d'"Ta .
/Q dlw> = lldlirz@) L2()
Now by using Hardy’s inequality
P i B
dllrz(@) L2(9)
Since
2c0 2(1—a)
| :/d e dy < 0.
L2() Q

. 2(170{) _ 33—«
(we have in fact =—> +1= 1= > 0)

For the second term of G(w) is the same with the preceding section. Next we

prove the continuity of G. For the first term, reasoning as above

11 S —wp
/(_——)Zd:v = /M(f)d dr| < ¢, f‘ <d ||z]| dx
Q w% wa Q wawa d d LQ(Q)
. Such that 9
v Hd(wf{ —w?)
w;}wa L2(Q)

And using as above the mean value theorem we find

2

12(Q) /Q

d(w, —w)aw()**

o -
wow

dQ(U}n _ w)QOzQw(Q)Q(O‘_I)

2 w2
wioaw?o

/

C, = H dx




CHAPTER 3. EXISTENCE AND UNIQUENESS 42

and by the definition of K

4(a—1)

2

, |w, —w|”d e+ a?

c, <c — dx
Q dotT

2 12
/ / |wn—w| d
c, <c /Qde

2
cp < wn — w||L2(Q,b)

giving the result. For the second term is above with preceding section. On the other
side, we prove that G is increasing, we work in the bounded interval [u,v] C K, by

using the definition of K, the mean value theorem and we choose M large, we obtain

Glu)—Gv) = +M%—-L ML

= —aw(d) ™ Hu—v) - 2 (u—) (3.21)

< (M-a)jme <0
(here 6 denotes the intermediate point in the segment [u, v]).
Proof of Theorem3.15 Problem (P’) is obviously equivalent to the nonlin-

ear problem

u - L _u_
_Au—f—MW = ua—l—lwa,/(x)2 mn (3.22)

u = 0 on O
By the lemma 3.11 and 3.16 we construct the following iterative scheme start-
ing from the subsolution uy such that ug; € H3(Q) to be the unique weak so-

lution of the linear boundary value problem.

Auk+1+Ms&—+)12 = $+M# (3.23)

g1 = 0 on 0N

We have to prove that
k 1 0
U<y <.y <. . <u<..<u <u.

we have by the definition of subsolution wuy,

/VuOVvdx - /(uaa)vdx <0. (3.24)
Q Q
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First we prove that ug < uy, for this we put £ = 0 in (3.23), we have

u 1 U .
Auy + Mm = wt Md(g?)Z mn 2 (3.25)
w, = 0 on 02

Subtract (3.25) from (3.1), multiplying by v = (ug —u;)™ € H}(2),v > 0 and using

integration by parts we obtain
/ V(ug — uy)2dx + / M ———(uo — uy) dr <0 (3.26)

50 [, V(up — uy)™dx = 0 which implies (ug — ul) = 0 and this gives ug < u;.

Now we have to prove that u; < ugq, for this we assume that
Uk—1 S Uk (327)

From (3.23) for each v € H}(Q) we find

1
/VukHVU + M ukHdex = /(— + M l Judzx.
Q d(z) Q

and

ug, 1 Up—1
Vu Vv+M—vda::/ + M vdzx.
e vt = [ g

Subtract the preceding formulas, substituting v by (ux — ux_1)*, we obtain

vz, Mu — Uy 1)) dx = Up—1) — G (ug)) (up — upsr) T da
/Q((V(uk_ukJrl) +d(x)2(uk k1) 7))d /Q(G( k—1) — G (ug)) (u, — ug41) " dz,

by lemma 3.16 and 3.27

G(Uk_l) — G(Uk) <O0= u, < Uk+1-

Next we assume that u; < v and prove that ug, < v, we have

U1 1 Up
_A ML e
T T wg  dp
and
O 1 0
—AW+ M + M Y

d(z)* — (uo)a d(z)*
Subtract the preceding formulas, multiplying by v = (up.; — u®)*™ € H}(Q), using

integration by parts and lemma 3.16, we find

M
/Q(V(ukﬂ - UD) + W(ukﬂ - u0)+2d.70 § 0.
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So up1 < u’. Thus we have established the increasing sequence;

UO§U1SSUk<<UO

By the same way we establish the second decreasing sequence;

W >ult > > uF > > .

0

It remains only to prove that u, < uF, we have uy < u°, assume that u,_; <

u*~! and prove that w1 < v, we have
U1 1 Up
—Aup + M = = M
ko d(z)?  u? d(z)?
and
k1 1 k
A kL U L u-
Au"T 4+ M 7 Zu(k)a+Md2'

Subtract the preceding formulas, multiplying by v = (up; — v*™1)* € HE(Q),
using integration by parts, by the last hypothesis and lemma 3.16 we find

M
/(V(ukH — ")y - ﬁ(uk+1 — ") dr <0
0

giving again the result. From this we obtain two monotone sequences satisfying;

up <uy <. <y << bl <l <l

By the exploiting the regularity for the problem in lemma 3.11 and the estimates in lemma 3.16 we ok

tain
Up—1™ 1 MU§_1
d N PRI

Where ¢ is a constant independent of k. So there exists subsequence still do notes uy,

<c.

k]| < ¢

and by the inverse Lebesgue theorem u;, — u ( by the same way for the second sub-
sequence u® — u) weakly in H}(2) and strongly in L?*(Q). Next we should pass

to the limit in equation (3.23) the weak formulation is

UV v U1V
Vu VerM—dx:/ + M dz
/Q ; d(z)? Q Uy d(z)?

for any v € Hj(Q) therefor [, Vu,Vodr — [, VuVudz. Concerning the first term
on right-hand side we have by the definition of K

) v d V 1-a
= — < C—d1+a
(0% o —
up_y o dug,
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by Couchy-Shwarz and Hardy’s inequality

/ Vit dr < O o] < oo.
od

2(1—a) %
C:(/d“r”dl') < 00
Q

and we have wup — wu a.e.in (). So we can apply the dominate convergence theo-

Such that

rem this gives that

1 1
/ —v — | —wvdr, k— oo.
Q U o u®

For the second terms on both sides we have to prove that

U1V uv
M——de — | M——=dz, k — oc.
/Q d(x)? /Q d(z)?

We have
U1V VUg—1
M = M- .
d(x)? d d
By the definition of K we obtain
‘uk_l <c d¥a

By Couchy-Shwarz and Hardy’s inequality

. N 2 !
c/ —dtedr <c (/ Vol dx) (/ d:l;) < 00
ad Q Q

Using as above the dominate convergence theorem is giving again the result.

1—a
d1+a

3.5.1 Ordered Sub and Supersolutions

Proposition 3.17 There exist a subsolulion ug (resp a supersolution u®) to the

problem (P') satisfying the conditions in theorem 3.15.

2

e < 1, where

Proof. As a subsolution, we set ug = c¢!| with ¢ =
—AG = G (L — ) [Vn[* + AitdF) = At + (1 — )i |V |”
Hence we obtain

1 =2, 2 , 1
—AUO — E = Ct(l — t)d)l |(Z51‘ + C)\1t¢1 — Co‘_gbtl
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ct(t—1) |V
%
1

1 2o
+ Aetgl — —¢; 7 <0
Ca

—2«

o, and this is equivalent to

using that ¢t — 2 =

t(1—1t) = |Vi|> + M\t <

Ca+1

which is satisfied for ¢ > 0 small.

Reasoning in a similar way for the supersolution u® = C'¢}, we infer that

2 P%E%T 1
t(1—1t)|Vén|” + Mtoy > e

We know that [V¢i| > 67 > 0in Q¢ = 2 € Q|d(x) < £ for some d; > 0. Then

1
t(1—1t) V| > t(1 —1)8> > T

on Q¢ C > Cy > 0 large enough. On Q/€), we have that ¢; > o some Jo and it is
enough
to have

t+ 25 1
Aitgy T > atl

which is satisfied for C' > () for some C5 > 0 large enough. Finally we pick
C' > maz(Cy,Cy). So we can easily conclude the theorem (3.15). Which gives the
theorem (3.14) clear.

3.6 Uniqueness for 1 < o < 3
Theorem 3.18  The problem (P') has a unique positive weak solution u € H} ().

Proof. Let u,v two solutions to the problem (P’). First,we assume thatu < v in €.
Multiplying (P’) for u by v and by wu for v and integrating by parts on €2, we obtain
v U
/Vqu—VvVudx:/—dx— — dx = 0.
Q o u® o v*

Then
a+l _ ,a+l
2 iz~ ﬂdasz/%dﬂc:0
Q

o u® o % VU



CHAPTER 3. EXISTENCE AND UNIQUENESS 47

Since v > u,u = v. Notice that all the above integrals are meaningful. Indeed, since

u,v € K we have ,e,g..that

v 2(1—a)
—dz < c/ d(z) e dr < oo.
Q

o u”

Such that (% +1>0). If now u £ v and v £ u, we have ug < u,v < uP.

Then u < u,u < v and it follows from above that u = u = v.

3.7 Existence for The case a > 3

In this section we will study the same problem (P’) for o > 3. The weak solution

will not be in W, (£2), so we need the following definition

Definition 3.5 A weak solution of problem (P') is a function u € W,*(Q) for some
/VUVU dr = / fu dzx,
Q Q

So, we prove the following theorem

p > 1, satisfies

Yo € W' (Q).

Theorem 3.19 The problem (P') has a positive weak solution u satisfying,
cld(x)l%a <u(z) < CQd(I)H%.
As above, we need to prove the following main existence theorem.

Theorem 3.20 we assume that there exists a subsolution ug and supersolution

u® such that uy < u® and that there exist constants cy,co satisfying:

0< cld(x)l%a < up(z) <u'(z) < czd(x)l%a V€ Q. (3.28)

Then, there exists a minimal solution u and mazximal solution w such that

uy <u <u <
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L__ and the subset

As above we define the weight function b(z) = T

K = [ug,u’] = {u € LP(Q,b)  ug <u < u’}.
Then in order to prove the theorem 3.20, we need the following lemma.

Lemma 3.21 There exists a positive constant M > 0 such that the mapping G :
K — W~'?(Q) defined by G(w) = -5 + M+ oz s well defined, continuous and in-

creasing.

Proof. First we prove that G(w) € W(Q), Yw € K, the linearity is immedi-
ate, so we have to prove the continuity.

Let z € WP (Q) we obtain for the first term of G(w)

1
o) =[] < [
we QwO‘ Q

by using inequality of Holder and the definition of K we obtain

—dx<< /‘ dx) (/ U d:cf”

Now by using Hardy’s inequality
dx) <z W (@)

/Q’g)%dzg (C/QIVZI”'dx) (/ ‘d 2o
since
-
Q

(We have in fact (1 — £%)p > —1)
For the second term of F'(w) we have, for all z € Wol’p,(Q)

(@)l = it

By Holder and Hardy’s inequality

wz w |P % Z P
s ([J3Te)’ ([
/Qdd (gd old

Noticing that
1 1 1
» » |w|p d?tp P | |p . 1
dm) N < QWd2+pdx - /Q d2 T _C”“)Hmm,b)'

d

wOé

z

d

xz,

q\- e

1
dx)p < 0.

w
Cc = -
Q
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Next, we prove the continuity of GG. For the first term, reasoning as above
1 1 w —wy 2 z
(g~ )] = /Q 0 (2)d dr| < call Sl < enllzlhigoy
Such that
d(w® —w*) ||
Cn = )
wow LP(Q)
and using as above the mean value theorem, we find
, d(w, —w)aw(@)=1|? / d? (wy, — w)PaPw(H)Pe=Y J
c, = = x
" wgwe w@  Jo whFwr
and by the definition of K
, / [, — w] d°+5 o
CTL S c 4ap z)
Q do+t
thus
oy PAT dr = P A rdridy = C :
¢ Sc Q!wn—w! T dr = ¢ Q!wn—’w\ r2dr = Cflwn — wl[,q
giving the result. For the second term , any z € Wol’p/(Q) we write
‘<wn—w > /wn—wzd
L2 )| = —dx
d? o d d
By Holder and Hardy’s inequality
——2)| e P Nellyaora = cllwn = wllap l2l
e 7)) = Lr(Q) Fllwg ') = €11 = Willze@p) 1=l + @)
where
Wy, — W B |w, —w|’ 2p .
H d Lr(Q) N /Q Td dz = c||w, — w||Lp(Q7b) )
giving again the result. Now we prove that G is increasing, we work in
the bounded interval [u,v] C K by using the definition of K, the mean
value theorem and choose the constant M large, we obtain
Gu) = G) = f+Mp— k- Mz
— —aw(®) " (u—v) = L(u—v) (3.29)
< (M —ca)z* <0

(here 0 do notes the intermediate

sult which is the following.

point in the segment). We need a second re-
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Lemma 3.22 Let a > 3, then there exists a unique solution u € Wol’p(Q), to the lin-

ear problem

—Au+Mﬁ = hin () (3.30)
u = 0 on 0N

for p < ﬁ where h : Q — R, is continuous function and satisfies h(x) <
cd(m)l_%, and
lullyay < e llly-soqey -

Proof. (see the theorem 2.6 with § = 2% < 2), then there exist a unique solution
u € WyP(Q) where p < &£,
Proof of Theorem 3.20 Problem (P’) is obviously equivalent to the nonlin-
ear problem
—Au+ Mgty = &+ My inQ
u = 0 on 0N
By the lemma 3.22 and lemma 3.21 we construct the following iterative

scheme starting from the subsolution ugy such that u,; € H}(Q) to be unique

weak solution to the linear boundary value problem.

u _ 1 Uk _
Aupiy + Mgehs = ug T My (3.31)
Upyr = 0 on 90

We have to prove that
up < up < o < .o <uF <<t <l
we have by the definition of subsolution wuy,

/ VuyVodz — /(uao‘)dx <0, Yo >0. (3.32)
0

Q

First we prove that ug < uy, therefor we substituting & by 0 in (3.31), we have

u1 — 1 _uo 4
Auy + MW = @ + Md(l?)z, in (3.33)
up = 0 on 09
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Subtract (3.33) from (3.32), multiplying by v = (up — uy)™ € Wa” (Q),v > 0 and

using integration by parts, we obtain
/Vuo—u1+dx+/]\/[ uo—ul) 2dr <0 (3.34)

50 [ V(up — u1)™dz = 0 which implies (ug — uq)™ = 0 this gives ug < u;.

Now we have to prove that u; < ugyq, for this we assume that
Up—1 S g . (335)

From (3.31) for each v € W} (), we find

1 Uk

Uk41
M dr = — 4+ M——)vd
/QVukHVzH— d(:c)QU x /Q(ug + d(x)Q)U T

and
1 Uk—1

Vur,Vuo+ M—— de—/ + M vdx
e vt = [ G g

Subtract the preceding formulas, substituting v by (ux — ux_1)", we obtain

M
/ (V (g — i) 2+ / ) ) = / (Gt — G )ty — i) e
Q Q d(iﬂ) Q
by lemma 3.21 and 3.35

G(kal) — G(uk) <O0= u; < Uk41-

Next we assume that u, < v and prove that u,, < u®, we have

U1 1 Up
~A M-EL = gk
Wt T e T T )
and
O 1 UO
A M ——+ M ——-
W MG 2 e M g

subtract the preceding formals, multiplying by v = (up; — u®)* € Wol’p/(Q), us-

ing integration by parts,and by lemma 3.21, we obtain

/Q (V(“kﬂ —u’)*? + d(]\;[)Q (Ups1 — uo)”) dr < /Q(G(uk) — ) (upy1 —u®)dx

<0.
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So up1 < u’. Thus we have established the increasing sequence;

By the same way we establish the second decreasing sequence;
uozulz...ZUkZ...>u0.

It remains only to prove that u; < u®, we have ug < u°, now assume that u,_; <

u*~! and prove that u,; < u**!, we have
Uk41 1 Uy,
A+ ML g
kL d(z)?  ul d(z)?
and
k+1 k
NS ) A

d(z)? = uka d(zr)?
Subtract the preceding formals multiplying by v = (upy, — uFt)* € Wi (Q),

using integration by parts with last hypothesis and lemma 3.21, we find

M
/Q(V(uk+1 i uk+1)+2 + d<x>2(uk+1 . uk+1)+2)dx < 0

giving again the result. From this we obtain two monotones sequences satisfying;

up <uy <. <y << bl <l <l

Now by the regularity of the problem in lemma 3.22 and the estimates in lemma

3.21, we have
1 i Muk_l

<c
@ 2
() d

||Uk||wolvp(n) = sc

W—1p(Q)

Where the constant c is independent of k. Thus there exists again subsequences still
do notes uy, such that uy — u weakly in W, ?(Q) and strongly in LP(Q), there-
for by the inverse Lebesgue theorem the subsequence u;, converges to u a.e. in €.

Next we should pass to the limit in equation (3.31) the weak formulation is

UV Uk—1V

d@p ™ = /Q(uf:_l M )

/(Vuva + M
Q
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for any v € Wy () therefor Jo Vg Vode — [, VuVudz, for the first term in
right-hand side by the definition of K we obtain

Domd— <l
Up 1 d(w)up_, d

By Holder and Hardy’s inequality

[t ([ o a) (]

and we have up — u a.e.in . So we can apply the dominate convergence theo-

11—«
diFa

p % ’
d:):) < c/ |Vol” dr < oo
0

rem this gives that

1 1
/ —v — | —wvdr, k— oo.
Q U Qu®

For the second terms on both sides we have to prove that

/MuklvdxH/Mg—gdx Jk — 00
Q o d

2
We have
U1V VU1
M = M-
d? d d
By the definition of K we obtain
‘de—l <c di¥a

By Holder and Hady’s inequality

1
c/gdﬁdxgc(/ |Vv\p/dx)p (/
od Q Q

Using as above the dominate convergence theorem is giving again the result.

l—«
d1+a

p \7
dz < 00.

3.7.1 Ordered of Sub and Supersolutions

Theorem 3.23 There exist a subsolution ug(resp a supersolution u®) to the problem

(P') satisfying the conditions in theorem (3.20).

Proof. It is the same with the preceding section. So we can easily conclude the

theorem (3.20). which gives the theorem (3.19) clearly.
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3.8 Uniqueness for a > 3

Theorem 3.24  The problem (P') has a unique solutions u € Wy (Q).

Proof. Let u,v € W,"(Q) are two solutions to the problem (P’). First, we as-
sume that v < v in Q. Multiplying (P') for u by v € W*(Q) and by u €

Wol’p/(Q) for v, integrating by parts on €2, we obtain

/Vqu—VvVudx:/idx— —d:L‘—O
Q o u” o v
Then
a+l _ ,a+l
A - ﬂCZQJ":/%ciyc:O
o u® o % Q VU

Since v > u,u = v. Notice that all the above integrals are meaningful.

Indeed, since u,v € k, by Holder’s and Hardy’s inequalitys we have

p(1—a)

ing:/QEuidgv< ||UHW1p )c/ﬂd(x) e dx < 00.

o u®

Such that 2 (1 O‘j) > —1. If now v £ v and v £ u, we have uy < u,v < u'.

Then u < u,u < v and it follows from above that u = u = v.
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